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1 Introduction

Following the discovery of the Higgs boson at the LHC [1, 2], and in the absence so far

of any evidence at the LHC for physics beyond the Standard Model (SM), attention is

focusing on possible indirect signatures of new massive particles. These could manifest

themselves either via tree-level exchanges, much as the the first indirect evidence for the

W boson came from the four-fermion weak interaction, or via loop effects, which was how

the first indirect evidence was found for the c and t quarks and the Higgs boson. In those

cases, loop calculations also provided indications on their possible masses.

Matching from an ultraviolet (UV) theory to a low-energy effective field theory (EFT)

can be achieved by calculating Feynman diagrams in the UV and EFT, or by evaluating

the path integral to integrate out directly the heavy particles. A manifestly gauge-invariant

method for simplifying calculations in the latter approach is the covariant derivative ex-

pansion (CDE) pioneered by Gaillard in [3] and by Cheyette in [4]. The Gaillard-Cheyette

CDE was recently revived by Henning, Lu and Murayama (HLM) [5]. It was noticed by

HLM that under the assumption of degenerate masses for the heavy multiplets connected

by off-diagonal entries in the interaction matrix of the quadratic term, the momentum in-

tegrals factored out of the calculation and could be evaluated independently of the details

of the UV theory and the specific field content of the resulting EFT. This universality
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property enabled them to obtain a one-loop effective action that applies quite generally,

albeit under the restrictive condition that the particles in the UV theory are degenerate in

mass [5].

The main purpose of this paper is to present general formulae for the terms in the effec-

tive one-loop action due to the exchanges of massive virtual particles, bosons or fermions,

that do not appear in degenerate multiplets when these interact with each other. As we

show, it is possible to generalize the HLM results and write the relevant one-loop effective

action in a universal closed form without any assumptions on the mass spectrum and the

form of the quadratic interaction matrix. We write down the complete expression for the

universal one-loop effective action relevant for obtaining the Wilson coefficients of all op-

erators up to dimension six in the EFT. We also provide details on how this result was

obtained using the CDE, which can in principle be used to extend the universal one-loop

effective action to higher-dimensional operators.

These general results have immediate phenomenological applicability to the interpreta-

tion of precision SM measurements. With all the SM particle content now experimentally

established, a popular way of encapsulating the possible indirect effects of new massive

particles is via an EFT composed of SM fields [6, 7]. This SM EFT approach is a powerful

and systematic tool for capturing the effects of virtual massive particles in the decoupling

limit [8], and very convenient for implementing and combining the experimental constraints

from different classes of measurements in a consistent way.1 In particular, the SM EFT

operators of dimension 6 that are invariant under the SM SU(3) × SU(2) × U(1) gauge

group have been classified [6], suitable non-redundant bases of independent operators have

been identified [7, 80–87], the anomalous dimension matrix for RG running has been de-

rived [25, 88–94], and global analyses of the possible magnitudes of their coefficients have

been undertaken for present [95–112] and future colliders [67, 76]. The universal one-loop

effective action that we present facilitates making contact with specific UV models.

We illustrate this procedure in the minimally supersymmetric SM (MSSM). Starting

from the Lagrangian of the third-generation left-handed squark doublet and the right-

handed stop, we pick out the relevant matrices of SM fields and gauge field strengths

to plug into the universal one-loop expression. The Wilson coefficients for heavy stops

are then automatically obtained, with the rearrangement of the SM fields in the desired

operator basis as the only non-trivial step. No one-loop calculations of momentum integrals

have to be performed, as these are already encapsulated in the coefficients of the universal

expression.

Our general result allows the supersymmetry-breaking masses for the left-handed

squark doublet and the right-handed stop to be non-degenerate. We also allow mass split-

tings within multiplets, such as those due to electroweak symmetry breaking, which are

generated by the non-zero vacuum expectation value v of the Englert-Brout-Higgs field. If

the massive particles are sufficiently heavy, the effects of non-degeneracy are suppressed by

powers of v divided by the heavy mass scale. However, the present constraints on the loop

1See for example refs. [9–15] and [16–77] for a sampling of early and recent studies, and [78, 79] for

reviews.
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effects due to massive particles are not sufficiently strong for their possible non-degeneracy

to be insignificant. A case in point is provided by stop and sbottom squarks, some of

which could well have masses that are not much larger than v. These effects have been

studied in refs. [67, 70] and will not be considered further here, but they could in principle

be captured by our universal one-loop effective action, as it accommodates such splittings

within multiplets.

We would like to emphasize the advantages of the Gaillard-Cheyette CDE method

that we used to derive the universal one-loop effective action in this paper. It is manifestly

gauge-invariant, which determines directly the form of the universal effective action, it

is not restricted to any particular approximation, though the series expansion may be

evaluated up to some fixed order as we have done to obtain our universal one-loop action,

and it may be used to explore effects due to any UV theory or extension of the SM. These

advantages translate to the universal one-loop effective action, which may be evaluated

to any fixed order, though here we restrict our calculation to all terms in the CDE series

expansion relevant for obtaining operators of dimension up to six.

We have performed various cross-checks on our calculations, including checks against

partial results available in the literature. In particular, we reproduce using our universal

expression the HLM results for the universal one-loop effective action in the degenerate

case [5], and the contributions of degenerate squarks to the coefficients of bosonic Higgs

operators obtained in [68]. In the non-degenerate case the Wilson coefficients for the

squark case agrees in part with those in [75], and we comment on the differences with our

expressions, which are partially but not entirely due to differences in operator bases. As

another independent check for the non-degenerate expressions, we find that the combina-

tion of squark Wilson coefficients corresponding to the Peskin-Takeuchi S and T parame-

ters [113, 114] (or equivalently the Altarelli-Barbieri ǫ1,2 parameters [115]) agree with past

calculations of S and T in the MSSM.

The structure of this paper is as follows. In section 2 we present the universal one-loop

effective action and its relation to the general form of the UV model being integrated out,

showing that it reproduces the HLM result in the degenerate limit. Our expression includes

all terms needed for a complete one-loop matching of operators up to dimension six, though

in principle such a universal one-loop effective action may be extended to include higher-

dimensional operators by evaluating further terms in the series expansion of the CDE. In

section 3 we discuss the Gaillard-Cheyette CDE method for performing the series expansion

of the logarithm in the path integral. This section is for the interested reader who may wish

to double-check our results or extend them to higher-dimensional operators, or even bypass

our universal one-loop expression entirely to integrate out heavy particles from beginning

to end. This latter use is indeed how the path integral method has been employed until

now, but we stress that for the purpose of calculating Wilson coefficients of operators up

to dimension six this is no longer necessary, and the starting point should be to evaluate

the sum over the indices in the universal one-loop effective action of section 2. In section 4

we summarise our general results and discuss some implications. Several calculational

details and lengthy expressions for coefficients are described in appendices A, B and C. In

appendix D we apply our results to the concrete example of non-degenerate supersymmetric

stop and sbottom squarks, checking against previous calculations in the literature.
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A Mathematica notebook with explicit expressions for the universal coefficients and

their integrals is available on request.

2 The universal one-loop effective action

We consider a UV theory, renormalizable or not,2 composed of light background fields,

collectively denoted as φ, and heavy fields arranged in a multiplet Φ, which can be either

fermions or bosons, with a generic Lagrangian consisting of a low-energy part plus the

terms coupling the heavy fields to the light ones. This can be written as

LUV[φ,Φ] = L[φ] + (Φ†F [φ] + h.c.) + Φ†(P 2 −M2 − U [φ])Φ +O(Φ3) , (2.1)

where we left out the kinetic and mass terms for Φ, and introduced the notation P ≡ iDµ,

with Dµ the gauge-covariant derivative. F [φ] and U [φ] are matrices involving combinations

of light fields coupling linearly and quadratically respectively to Φ, and M is a diagonal

mass matrix. The form of U will depend on the scalar, vectorial or fermionic nature of Φ

in order to write the Lagrangian in this way — an example for the case of fermions is given

in appendix E and we refer to ref. [5] for more details.3

For example, F = η|H|2 if Φ is a heavy real singlet scalar coupling to the light Higgs

doublet H through L ⊃ ηΦ|H|2, or U = η1|H|2+η2H̃H̃† if Φ is a scalar electroweak doublet

with hypercharge Y = −1/2 and with a global U(1) symmetry to restrict the Lagrangian

to quadratic couplings of the form

L ⊃ Φ†(−η1|H|2 − η2H̃H̃†)Φ . (2.2)

In more complicated models there may be interactions between several heavy multiplets

one wishes to integrate out, so U is in general a matrix.

The path integral over Φ may be computed by expanding the action around the min-

imum with respect to Φ. The terms linear in the heavy fields involving F [φ] then enter

in the tree-level effective Lagrangian upon substituting Φc, the solution to the equation of

motion, which gives [5]

Leff
tree[φ] =

∞
∑

n=0

F †M−2[(P 2 − U)M−2]nF +O(Φ3
c) .

The terms quadratic in the heavy fields are responsible for the one-loop part of the effective

Lagrangian and can be evaluated in the path integral using the CDE method described

in section 3. We simply state here the final expression, which is the main result of this

2The general expressions we give later can in fact be simplified in the renormalizable case for the SM

EFT [116].
3We assume here that U does not contain any covariant derivatives. We thank the referee for pointing

out that this may be of importance when applied to non-renormalisable theories, which we leave for future

studies.
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paper:

Leff
1-loop[φ] ⊃ −ics

{

f i
1 + f i

2Uii + f i
3G

′2
µν,ij + f ij

4 U2
ij

+ f ij
5 (PµG

′

µν,ij)
2 + f ij

6 (G
′

µν,ij)(G
′

νσ,jk)(G
′

σµ,ki) + f ij
7 [Pµ,Uij ]

2 + f ijk
8 (UijUjkUki)

+ f ij
9 (UijG

′
µν,jkG

′

µν,ki)

+ f ijkl
10 (UijUjkUklUli) + f ijk

11 Uij [Pµ,Ujk][Pµ,Uki]

+ f ij
12,a[Pµ,[Pν ,Uij ]][Pµ,[Pν ,Uji]] + f ij

12,b[Pµ,[Pν ,Uij ]][Pν ,[Pµ,Uji]]

+ f ij
12,c[Pµ,[Pµ,Uij ]][Pν ,[Pν ,Uji]]

+ f ijk
13 UijUjkG

′

µν,klG
′

µν,li + f ijk
14 [Pµ,Uij ][Pν ,Ujk]G

′

νµ,ki

+
(

f ijk
15aUi,j [Pµ,Uj,k]− f ijk

15b [Pµ,Ui,j ]Uj,k

)

[Pν ,G
′

νµ,ki]

+ f ijklm
16 (UijUjkUklUlmUmi) + f ijkl

17 UijUjk[Pµ,Ukl][Pµ,Uli]

+ f ijkl
18 Uij [Pµ,Ujk]Ukl[Pµ,Uli] + f ijklmn

19 (UijUjkUklUlmUmnUni)

}

. (2.3)

The constant cs = 1/2, 1,−1/2, 1/2 and −1 when integrating out real scalars, complex

scalars, Dirac fermions, gauge bosons and Fadeev-Popov ghosts respectively. The indices

i, j, k, l range over the dimension of the mass matrix M , with an implied summation when

the same index appears twice in a single term. We have introduced a notation for the

field strength matrix G′
µν ≡ −igGµν , where g is the gauge coupling for each specific field

strength within the matrix Gµν .
4 Finally the f ijk···

N are universal coefficients containing

the mass parameter dependence that we describe shortly.

A few comments about eq. (2.3) are in order. We note that no specific UV theory

has been specified or assumptions made, other than the general form of eq. (2.1), so that

this result holds model-independently. It may be used to obtain an EFT involving both

external bosons and fermions.5 The details of the UV model are encapsulated in the

matrix U , the matrix G′
µν , and the covariant derivative Pµ, which are all functions of

the low-energy degrees of freedom φ (which we recall collectively denotes any bosons or

fermions in the EFT). Since U has at least mass-dimension 1 we see that all the terms

required for computing operators of dimension up to six are present in eq. (2.3). We have

organised the Lagrangian so that the first line contains all the operators of dimension up

to four. In the remaining lines there can also be contributions to operators with dimension

4This notation is figurative and not to be taken literally, as the coupling does not factor out of the

matrix, in general. The field strength matrix is related to the covariant derivative by [Pµ, Pν ] = −G′

µν ,

which may in general contain several gauge fields and couplings, e.g., G′

µν = −igW a
µντ

a − ig′Y Bµν1 for the

electroweak scalar doublet example of eq. (2.2).
5To obtain a one-loop effective action with light external fermions requires integrating out the heavy

scalars and fermions to which they couple, which may not be performed simultaneously as a single quadratic

term in the path integral. However, this can be done by first integrating out at tree level the heavy fermion

to obtain an effective quadratic term for the scalar, or vice versa. See for example ref. [66].
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> 6 in eq. (2.3), but these will not be completely accounted for by our expression since

higher order terms in the CDE series expansion that we have truncated will also contribute

to these operators. There is however nothing limiting the extension of our universal results

to operators of dimension seven [48] and higher [117, 118].

The universal coefficients f ijk···
N are obtained by Feynman integrals over momentum,

and are universal in the sense that they factor out of the UV-dependent matrix evaluations

and have only to be computed once and for all. This universality was previously noticed

by HLM in the restricted case of M commuting with U and G′
µν [5], and we have shown

here that this property holds in the fully general case without any such degenerate mass

assumptions. This clears the way for a simpler alternative to computing Feynman dia-

grams or evaluating path integrals for one-loop matching: one may now start directly from

eq. (2.3) with only the summation over the matrix indices left to perform for each specific

model, thus avoiding redundant effort in the previous steps.

The master integrals that enter in the universal coefficients are defined as

I[q2α]ni
m
j

···
···
p
l =

∫

d4q

(2π)4

∫

dξ q2α (∆ξ,i)
n (∆ξ,j)

m · · · (∆ξ,l)
p , (2.4)

where ∆ξ,i = 1/(q2− ξm2
i ) and mi ≡ Mii. We provide details for the derivation of the uni-

versal coefficients f ijk···
N in appendix A, the results of which can be written as follows:

f i
1 = I1im

2
i ,

f i
2 = I2im

2
i ,

f i
3 =

1

2

(

I3i−
4

d
I[q2]4i

)

m2
i ,

f ij
4 = I2i

1
jm

2
i ,

f ij
5 =

1

9

(

−I[q2]3i
2
j+2I3i

1
j−28I[q4]6i

0
j−2I[q2]4i

1
j+42I[q2]5i

0
j−14I4i

0
j

)

m2
i

+
(

4I[q4]0i
6
j−6I[q2]0i

5
j+2I0i

4
j

)

m2
j ,

f ij
6 = −

7

3

(

2I[q4]6i
0
j−3I[q2]5i

0
j+I4i

0
j

)

m2
i+3

(

2I[q4]0i
6
j−3I[q2]0i

5
j+I0i

4
j

)

m2
j ,

f ij
7 =

(

I2i
2
j−I[q2]2i

3
j

)

m2
i ,

f ijk
8 = I2i

1
j
1
km

2
i ,

f ij
9 =

1

2

(

(

I3i
1
j−I[q2]4i

1
j

)

m2
i+

(

−I[q2]1i
4
j−I[q2]2i

3
j−I[q2]3i

2
j+I1i

3
j+I2i

2
j

)

m2
j

)

,

f ijkl
10 = I2i

1
j
1
k
1
lm

2
i ,

f ijk
11 =

(

I2i
1
j
2
k−I[q2]2i

1
j
3
k

)

m2
i+

(

I1i
2
j
2
k−I[q2]1i

2
j
3
k

)

m2
j+

(

−I[q2]1i
3
j
2
k−I[q2]2i

2
j
2
k−I[q2]3i

1
j
2
k+I1i

2
j
2
k+I2i

1
j
2
k

)

m2
k,

f ij
12,a =

1

3

(

2I[q4]2i
5
j−3I[q2]2i

4
j+I[q2]3i

3
j+I[q2]4i

2
j+I2i

3
j−I3i

2
j

)

m2
i ,

f ij
12,b = f ij

12,a,

f ij
12,c =

1

3

(

−3I[q2]2i
4
j+I2i

3
j+2I[q4]2i

5
j−2I[q2]3i

3
j−2I[q2]4i

2
j+2I3i

2
j

)

m2
i ,
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f ijk
13 =

1

2

(

(

I3i
1
j
1
k−I[q2]4i

1
j
1
k

)

m2
i+

(

−I[q2]1i
4
j
1
k−I[q2]2i

3
j
1
k−I[q2]3i

2
j
1
k+I1i

3
j
1
k+I2i

2
j
1
k

)

m2
j

+
(

−I[q2]1i
1
j
4
k−I[q2]1i

2
j
3
k−I[q2]1i

3
j
2
k−I[q2]2i

1
j
3
k−I[q2]2i

2
j
2
k−I[q2]3i

1
j
2
k+I1i

1
j
3
k+I1i

2
j
2
k+I2i

1
j
2
k

)

m2
k

)

,

f ijk
14 =

(

I[q2]1i
3
j
2
k+2I[q2]1i

4
j
1
k+I[q2]2i

3
j
1
k−2I1i

3
j
1
k

)

m2
j ,

f ijk
15a =

1

3

(

−I[q2]3i
1
j
2
k−2I[q2]4i

1
j
1
k+2I3i

1
j
1
k

)

m2
i

+
1

3

(

−I[q2]1i
3
j
2
k−2I[q2]1i

4
j
1
k−I[q2]2i

2
j
2
k+2I1i

3
j
1
k+2I2i

2
j
1
k−2I[q2]2i

3
j
1
k−2I[q2]3i

2
j
1
k

)

m2
j

+
1

3

(

2I[q2]1i
1
j
4
k+I[q2]1i

2
j
3
k+I[q2]2i

1
j
3
k−2I1i

1
j
3
k

)

m2
k,

f ijk
15b =

1

3

(

I[q2]3i
1
j
2
k+I[q2]3i

2
j
1
k+2I[q2]4i

1
j
1
k−2I3i

1
j
1
k

)

m2
i

+
1

3

(

−2I[q2]1i
4
j
1
k−I[q2]2i

3
j
1
k+2I1i

3
j
1
k

)

m2
j

+
1

3

(

−2I[q2]1i
1
j
4
k−2I[q2]1i

2
j
3
k−2I[q2]1i

3
j
2
k−I[q2]2i

1
j
3
k−I[q2]2i

2
j
2
k+2I1i

1
j
3
k+2I1i

2
j
2
k

)

m2
k,

f ijklm
16 = I2i

1
j
1
k
1
l
1
mm2

i ,

f ijkl
17 =

(

−I[q2]2i
1
j
1
k
3
l+I2i

1
j
1
k
2
l

)

m2
i+

(

I1i
2
j
1
k
2
l−I[q2]1i

2
j
1
k
3
l

)

m2
j+

(

I1i
1
j
2
k
2
l−I[q2]1i

1
j
2
k
3
l

)

m2
k

+
(

−I[q2]1i
1
j
3
k
2
l−I[q2]1i

2
j
2
k
2
l−I[q2]1i

3
j
1
k
2
l−I[q2]2i

1
j
2
k
2
l−I[q2]2i

2
j
1
k
2
l−I[q2]3i

1
j
1
k
2
l

+I1i
1
j
2
k
2
l+I1i

2
j
1
k
2
l+I2i

1
j
1
k
2
l

)

m2
l ,

f ijkl
18 =

(

−I[q2]2i
1
j
1
k
3
l−I[q2]2i

1
j
2
k
2
l−I[q2]2i

1
j
3
k
1
l+I2i

1
j
1
k
2
l+I2i

1
j
2
k
1
l

)

m2
i

+
(

−I[q2]1i
3
j
1
k
2
l−I[q2]2i

2
j
1
k
2
l−I[q2]3i

1
j
1
k
2
l+I1i

2
j
1
k
2
l+I2i

1
j
1
k
2
l

)

m2
l ,

f ijklmn
19 = I2i

1
j
1
k
1
l
1
m

1
nm

2
i . (2.5)

These f ijk···
N coefficients are elementary building blocks, in the sense that any Wilson coef-

ficient of a given theory is constituted by some combination of these universal coefficients.

The expressions (2.5) are quite compact. They contain all the dependences on the

massesmi of the heavy particles Φi that have been integrated out, and simplify considerably

when these masses are degenerate, mi = m:

f5 = −
i

(4π)260m2
, f11 =

i

(4π)212m4
, f15a =

i

(4π)260m4
,

f6 = −
i

(4π)290m2
, f12,a = 0, f15b =

i

(4π)260m4
,

f7 = −
i

(4π)212m2
, f12,b = 0, f16 = −

i

(4π)260m6
,

f8 = −
i

(4π)26m2
, f12,c =

i

(4π)2120m4
, f17 = −

i

(4π)220m6
,

f9 = −
i

(4π)212m2
, f13 =

i

(4π)224m4
, f18 = −

i

(4π)230m6

f10 =
i

(4π)224m4
, f14 =

−i

(4π)260m4
, f19 =

i

(4π)2120m8
. (2.6)
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We see that the operators associated with f12,a/b, i.e., the operators [Pµ, [Pν , U ]]

[Pµ, [Pν , U ]] and [Pµ, [Pν , U ]] [Pν , [Pµ, U ]], do not contribute in the degenerate case. We

have checked that the universal coefficients in the degenerate limit, together with eq. (2.3),

recover the results of eq. (2.3) of ref. [5]. In the general non-degenerate case the mass

dependences of the universal coefficients can be seen in appendix C, where we write out

explicitly eq. (2.5) with the integrals evaluated.

The first four coefficients f1,2,3,4 in (2.5) exhibit UV divergences, and involve µ, the

usual scale of renormalization, and dimensions d as in f3, which has been introduced

through dimensional regularization using the MS scheme. All these terms are already

present in the Standard Model, and so can be absorbed in redefinitions of the parameters of

the Standard Model. The first coefficient, f1, which is a simple constant of mass dimension

four, is a renormalization of the vacuum energy that can be absorbed as a constant term

in the Standard Model Higgs potential. Depending on the form of the U -matrix, the

coefficients f2 and f4, of mass dimension two and zero respectively, may renormalize some

other Standard Model couplings. The third coefficient, f3, of mass dimension zero, is a

new contribution to the gauge kinetic terms that must be removed by a wave-function

renormalization. Usually, this induces a renormalization of the gauge couplings so as to

keep the canonical form of the covariant derivatives. Each divergence introduces a relation

between the bare parameters of the Standard Model and the corresponding bare parameters

of the EFT. The lowest-dimensional operators generated by the last nine lines of (2.3) have

dimension of at least 6, since they have coefficients f ijk···
N of mass dimension −4 for f5 to

f9, −6 for the coefficients f10 to f15, −8 for the coefficients f16 to f18 and −10 for the

coefficient f19. These coefficients, f5 to f19, are free of any divergences.

In appendix D we work out a concrete example, by applying our universal one-loop

effective Lagrangian to integrate out the third-generation squark doublet and stop singlet

in the MSSM to obtain the Wilson coefficients in the SM EFT. This provides some insight

into how each term in (2.3), and their universal coefficients (2.5), may combine to give the

final Wilson coefficient of EFT operators in a realistic example. As a cross-check we also

compare the MSSM coefficients that we obtain using our method with previous results in

the literature.

We insist one more time on the originality and power of our approach by contrasting

with two other ways for obtaining Wilson coefficients at one-loop order:

1. Starting from the Lagrangian for the UV theory, derive the Feynman rules, compute

Feynman diagrams involving loop integrals for the relevant observable, and do the

same in the EFT. Compare the two calculations to extract the Wilson coefficient.

Repeat for each coefficient.

2. Starting from the Lagrangian for the UV theory, rewrite the path integral involving

the quadratic term in the heavy field as a logarithm, expand the logarithm using

a method such as the CDE, then evaluate the nested series of derivatives acting

on momenta between the various non-commuting matrices which gets increasingly

complicated and tedious to compute. Finally, perform the numerous integrals over

momenta for each of the many terms involving different Lorentz index contractions
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of covariant derivatives with momentum tensors, before finally combining them into

the desired operators to get their Wilson coefficients.

With the universality property of the path-integral method noticed by HLM for the degen-

erate case [5], and extended here to the general case, we may instead summarise the new

way to compute one-loop Wilson coefficients as follows:

3. Starting from the Lagrangian for the UV theory, write it in the form of eq. (2.1) to

extract the U matrix of light fields, the covariant derivative Pµ, and the field strength

matrix G′
µν . Input this into eq. (2.3) and sum over the matrix indices. Arrange the

result into the desired operator basis to obtain the Wilson coefficients.

This technique bypasses the lengthy initial steps of the previous two methods and avoids

redoing everything from beginning to end for each model. Clearly, the universal coefficients

could not have been computed by the usual Feynman diagram method that requires explicit

Feynman rules for a particular model,6 and though the CDE method is an elegant way of

obtaining directly the EFT from a UV theory, it is no longer necessary for the purpose of

matching at one-loop.

3 The covariant derivative expansion

As discussed in the previous section, the reader who wishes to compute one-loop Wilson

coefficients for operators of dimension up to six can start directly with (2.3) and need not

worry about the details of the CDE method that we used to derive the universal one-loop

effective Lagrangian. However, there are many other cases where one may wish to use the

path integral, so we briefly summarise the CDE here. This was first introduced in the

1980s by Gaillard [3] and Cheyette [4]. We refer to the extensive review in ref. [5] for a

clear and detailed description.

3.1 The CDE method for integrating out fields

Starting from an action S[φ,Φ] for the UV theory, where φ and Φ represent the light

and heavy fields respectively, we may expand around the minimum and evaluate the path

integral for the heavy fields. For scalar fields the effective action can then be written as

eiSeff[φ] =

∫

[DΦ]eiS[φ,Φ]

=

∫

[Dη]e
i

(

S[φ,Φc]+
1

2

δ2S

δΦ2

∣

∣

∣

Φ=Φc
η2+O(η3)

)

6However, the Feynman diagram method still holds an advantage when matching with higher precision

beyond the one-loop level. We note that while the effects of mixed light and heavy fields in loops is typically

performed by further matching using Feynman diagrams [65], it has been shown that functional methods

may also be used to compute these [63, 64].
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≈ eiS[φ,Φc]

[

det

(

−
δ2S

δΦ2

∣

∣

∣

∣

Φ=Φc

)]− 1

2

≈ e
iS[φ,Φc]−

1

2
Tr ln

(

− δ2S
δΦ

∣

∣

∣

Φ=Φc

)

,

where Φc is defined as δS
δΦ

∣

∣

Φ=Φc
= 0. This can be applied to bosons or fermions, and the

result is in general a one-loop part of the effective action of the form

Seff
1-loop = icsTr ln

(

−P 2 +M2 + U
)

.

As discussed above, the constant cs depends on whether one is integrating out real scalars,

complex scalars, Majorana or Dirac fermions, gauge bosons or Fadeev-Popov ghosts, for

which it takes the values = 1/2, 1,−1/2, 1/2 and −1 respectively, and Pµ ≡ iDµ is the

covariant derivative. The form of U obtained from the original UV Lagrangian also depends

on the type of field(s) being integrated out [5].

After the trace over space-time is evaluated by inserting a complete set of spatial and

momentum eigenstates, we are left with a trace “tr” over internal indices only,

Seff
1-loop = ics

∫

d4x

∫

d4q

(2π)4
tr ln

(

−(Pµ − qµ)
2 +M2 + U

)

.

Before expanding the logarithm, it is convenient to shift the momentum in the integral

using the covariant derivative by inserting factors of e±Pµ∂/∂qµ :

Leff
1-loop = ics

∫

d4q

(2π)4
tr ln[ePµ∂/∂qµ(−(Pµ − qµ)

2 +M2 + U)e−Pµ∂/∂qµ ] .

This choice ensures an expansion that involves only manifestly gauge-invariant pieces

throughout. The result is a series involving gauge field strengths, covariant derivatives

and the SM fields encoded in the matrix U(x):

Leff
1-loop = ics

∫

d4q

(2π)4
tr ln[−(G̃νµ∂/∂qµ + qµ)

2 +M2 + Ũ ] , (3.1)

where

G̃νµ ≡
∞
∑

n=0

n+ 1

(n+ 2)!
[Pα1

, [. . . [Pαn , G
′
νµ]]]

∂n

∂qα1
. . . qαn

,

Ũ =
∞
∑

n=0

1

n!
[Pα1

, [. . . [Pαn , U ]]]
∂n

∂qα1
. . . qαn

,

where we define G′
νµ as the field strength given by [Pν , Pµ] = −G′

νµ.

We may now expand the logarithm in (3.1) to obtain an explicit sum. When all the

heavy fields are degenerate in mass m, one can easily expand the action by integrating

once its derivative with respect to the common mass scale m,

Leff
1-loop = −ics

∫

d4q

(2π)4

∫

dm2tr





1
(

q2 −m2 + {qµ, G̃νµ}
∂

∂qν
+ G̃σµG̃σ

ν
∂

∂qµ
∂

∂qν
− Ũ

)



1 .

(3.2)
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The integral over mass is not of physical significance and may be regarded as integrating

over a spurious parameter, as we shall see in the non-degenerate case. An alternative is to

expand the logarithm directly using the Baker-Campbell-Hausdorff formula as in ref. [4].

Here we choose to follow ref. [5] for convenience of comparison when we generalise to the

non-degenerate case.

Defining ∆ ≡ 1/(q2 − m2), which is the free propagator of the massive field that is

integrated out, one can Taylor expand to obtain the following effective Lagrangian:

Leff
1-loop = −ics

∫

d4q

(2π)4

∫

dm2tr
{

∆−∆

(

{qµ,G̃νµ}
∂

∂qν
+G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν
−Ũ

)

∆

+∆

(

{qµ,G̃νµ}
∂

∂qν
+G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν
−Ũ

)

∆

(

{qµ,G̃νµ}
∂

∂qν
+G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν
−Ũ

)

∆

+...
}

. (3.3)

Since we are considering, at this stage, only the special case where the heavy fields Φ are

degenerate in mass, the mass-squared matrix is proportional to the identity, M2 = m2
1.

Therefore, ∆ commutes with the matrices Ũ and G̃, and (3.3) may simply be rewritten as

Leff
1-loop = −ics

∫

d4q

(2π)4

∫

dm2tr

[

∞
∑

n=0

(

{qµ,G̃νµ}
∂

∂qν
+ G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν
− Ũ

)n

(−∆)n+1

]

1.

(3.4)

In this case, the integration over momentum in each term of the expansion factorizes out of

the trace, yielding the degenerate universal coefficients of the higher-dimensional operators

that originate from the various combinations of U and G′
µν in the series of summations.

This method is completely general, assuming only the mass degeneracy that we gener-

alize in the next sub-section, but for the purpose of computing the universal coefficients we

restrict our attention to the terms in (3.4) up to n = 6 that yield all possible combinations

of light fields, encapsulated in U and G′
µν , for operators of dimension up to six. Terms of

higher orders in n will be responsible for higher-dimensional operators.

3.2 Integrating out non-degenerate fields

The main objective of this work is to extend the universal expansion that we have just

described in the degenerate mass situation to the general situation where fields are non-

degenerate in mass. In the non-degenerate case, we can no longer replace the logarithm

in (3.1) by a single additional integration over mass as was done in deriving (3.2).

As mentioned before, one may use the Baker-Campbell-Hausdorf formula and expand

directly the logarithm [4, 70] to evaluate the expansion terms of (3.1) in the presence of

non-commuting matrices.

Alternatively, in the following we introduce an auxiliary parameter ξ in order to eval-

uate the expansion terms. The parameter ξ multiplies the diagonal mass matrix M ,

M = ξ ·Diag(mi) , (3.5)
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that we can now differentiate and integrate over, before setting ξ to 1 at the end of the com-

putation when the integration has been performed. Then, in the non-degenerate case, (3.1)

is replaced by

Leff
1-loop = −ics

∫

d4q

(2π)4

∫

dξtr





1
(

∆−1
ξ + {qµ, G̃νµ}

∂
∂qν

+ G̃σµG̃σ
ν

∂
∂qµ

∂
∂qν

− Ũ
)M2



 ,

(3.6)

where we have adapted our previous notation for the free propagator, introducing ∆ξ ≡

1/(q2 − ξM2). The Taylor expansion then gives

Leff
1-loop = −ics

∫

d4q

(2π)4

∫

dξtr

{

∞
∑

n=0

[

−∆ξ

(

{qµ,G̃νµ}
∂

∂qν
+G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν
−Ũ

)]n

∆ξM
2

}

.

(3.7)

Since we are now in the general case where the field components are non-degenerate in mass,

a priori the diagonal mass-squared matrix M2 and the propagator ∆ξ do not commute

with the matrices Ũ and G̃. As a result, the integrals in (3.7) are quite involved to evaluate.

In order to deal with these non-commuting objects, and recover some of the simplicity

of the previous degenerate case, we decompose explicitly the traces of the matrix products

and work with matrix elements that commute in general. This then allows us to factor

out the momentum-dependent integrals. In the degenerate case, the cyclicity of the trace

is commonly used in order to rewrite some operators. However, care must be taken in the

non-degenerate case, where we shift the indices of the various matrix elements.

It is important to note that the mass matrix M is not necessarily the physical mass

matrix, e.g., for our example in appendix D with the MSSM stops, the mass matrix M

contains the supersymmetry-breaking masses, which are related through diagonalization

to the physical stop masses. However, it could equally well be the physical mass matrix,

if one diagonalises the mass matrix M before integrating out the heavy fields. We recall

that it is essential for many cases of physical interest to be able to relax the commutativity

condition between the matrices U and M , for example when different multiplets are con-

nected through off-diagonal terms in the quadratic interaction matrix, or if one writes the

Lagrangian in the physical mass basis after EWSB before integrating out at one-loop then

there are generally non-degeneracies within the multiplets themselves.

4 Discussion

We stress once more that the results given above are universal, in the sense that the

dependences on non-degenerate masses in loop integrals factor out of generic operator

structures in the one-loop effective action, so that our results apply whenever any multiplets

of massive particles are integrated out. The obvious application is to massive electroweak

doublets and singlets as occur in many phenomenological extensions of the SM, which is

exemplified in appendix D, but our results have more general applicability. We emphasize

that the universal one-loop effective action is equally applicable to loops of massive bosons,
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e.g., the sfermions of supersymmetric models, and to loops of massive fermions, e.g., vector-

like fermions. Furthermore, it is not restricted to the effective action for external bosons,

but can also be used for external fermions. In light of its generality, we suggest that future

calculations of one-loop Wilson coefficients for operators of dimenson up to six skip the

usual Feynman diagram or path-integral methods and proceed directly to our eq. (2.3) as

the starting point.

It is instructive to review the connection of our work with the SM EFT approach. One

obvious advantage of using the universal one-loop effective action is the systematic way in

which all effective operators may be obtained once the form of the covariant derivative,

Pµ, and the matrices, U and G′
µν , are specified,7 where G′

µν is related to the usual field

strength, while U encodes the dependence on the couplings to light fields for the specific

form of the UV model. For example, if one is interested in obtaining the experimental

constraints from the popular S and T [113, 114] (or equivalently ǫ1,2 [115]) parameters for

a particular model, not only is this the easiest way to calculate one-loop contributions to

the relevant Wilson coefficients, assuming decoupled new physics, but it can also provide

complementary coefficients for other observables with little extra effort. Bounds can then

be set on this model from other SM measurements or, if the error bars are larger, to set

target precisions in these other measurements.

The ‘killer application’ of this method is to integrating out particles with non-degener-

ate masses, which was a limitation of the original universal one-loop effective action of

ref. [5] that applied to degenerate masses. There are many such scenarios with particles

occurring in unbroken SM gauge multiplets, each with different masses. In particular, they

may have non-degenerate masses within a given multiplet. If the masses of the degrees of

freedom that are integrated out are not extremely high, electroweak symmetry breaking

will, in general cause significant splittings within electroweak multiplets. Our one-loop

effective action can explicitly include all the effects of such possible non-degeneracies. In

the SM EFT approach, if integrating out a degenerate multiplet would give an operator of

some dimension n, non-degeneracies within this multiplet would in general yield a series of

operators with dimensions ≥ n corresponding to the lowest-dimensional operator supple-

mented by external Higgs fields with vacuum expectation values v. Therefore, truncating

the SM EFT operator expansion at some fixed dimension, e.g., n = 6 as is often done in

phenomenological analyses, does not in general yield a complete description of the low-

energy physics due to integrating out non-degenerate electroweak multiplets.8 Of course,

this discrepancy becomes less important when the heavy particles have masses that are

much larger than the Higgs vacuum expectation value v.

In practice, the present constraints on the coefficients of dimension-6 operators are

sufficiently weak that the operators could be generated by loops of particles that are not

much heavier than v.9 In this case, although the dimension-6 SM EFT constraints seem

7Writing the UV Lagrangian in the appropriate form for U is trivial in the scalar case, but requires some

manipulations when integrating out vector bosons and fermions, see appendix E and ref. [5].
8See refs. [67, 69, 70, 110] for some studies of differences between EFT and full calculations.
9This situation may well change in the future if LHC and other data increase significantly the current

lower limits on particles beyond the SM.
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appealingly universal, they may not be applicable to specific models in which electroweak

symmetry breaking could induce non-negligible non-degeneracies. A case in point is su-

persymmetry: both the direct and indirect constraints on stop masses, for example, are

consistent with the lighter stop mass being O(v), whereas the heavier stop might be much

heavier. We considered in [70] constraints on stop masses as obtained using the dimension-6

SM EFT and exact one-loop calculations. Whilst the constraints were broadly comparable,

there were significant differences for stop masses below ∼ 500GeV [67, 70], and the SM

EFT approach is then of limited use for analyzing light-stop scenarios. The same would be

true for other light-sparticle scenarios, e.g., models with light neutralinos and charginos.

The universal one-loop effective action set out here could be used to analyze these

and other scenarios with relatively light BSM particles, and we are preparing a more

complete analysis of the one-loop constraints on supersymmetric models, building upon

the analysis in [70], which considered just the most important constraints on light stop

and sbottom squarks. A first step towards this is presented in appendix D, which lists

the Wilson coefficients that we obtain by integrating out non-degenerate squarks, which

provides non-trivial cross-checks of the universal coefficients of eq. (2.3). Other possible

candidates for studies using the universal one-loop effective action include scenarios with

extra vector-like fermions [74, 119], and composite resonances or massive gauge bosons

from new strong sector and extra-dimensional models [120], for example. It will also be

interesting to explore further the connection between the SM EFT and measurements of

B-meson decays [121, 122].

The interplay between direct and indirect searches will only get increasingly important

as the experimental sensitivity in many measurements reaches the multi-TeV scale both at

the LHC [123] and, eventually, at future lepton colliders [76]. Even if BSM resonances are

found in Run 2 of the LHC or after [124, 125], it is likely that this will only yield partial

information. Only by complementing such a new discovery with more precise indirect

measurements can we gain a fuller picture of the new sector. The SM EFT and the

universal one-loop effective action can play a valuable role in such analyses.

In view of its general applicability, we are making available on request a Mathematica

notebook with explicit expressions for the universal coefficients and their integrals.
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A Computation of the universal coefficients f
ijk...
N

We give here more details concerning the evaluation of the universal coefficients, f ijk...
N ,

appearing in (2.3). We try to keep the notation of [5] as much as possible, in order to

clarify the relation between the two results.

The CDE allowed us to derive (3.7) that we can conveniently re-write as:

Leff
1-loop = −icstr

{

M2
∞
∑

n=0

In

}

(A.1)

with

In =

∫

d4q

(2π)4

∫

dξ

[

−∆ξ

(

{qµ, G̃νµ}
∂

∂qν
+ G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν
− Ũ

)]n

∆ξ . (A.2)

When performing the calculation it is useful to distinguish the In integrals into those

involving only G̃, called Jn, or involving only Ũ , called Kn:

Jn =

∫

d4q

(2π)4

∫

dξ

[

−∆ξ

(

{qµ, G̃νµ}
∂

∂qν
+ G̃σµG̃

σ
ν

∂

∂qµ

∂

∂qν

)]n

∆ξ ,

Kn =

∫

d4q

(2π)4

∫

dξ
[

∆ξŨ
]n

∆ξ , (A.3)

with integrals involving mixed Ũ and G̃ terms are called Ln. Each integral contains one

or several operators of dimension up to six. The mass-dependent parts (equivalently the

momentum integral terms) can be factorized and constitute what we denote as the f ijk...
N

coefficients.

In table 1 we specify, for each integral, which universal coefficients (and correspondingly

the operator structures in the universal Lagrangian) it contains. Each operator appears in

one specific integral, except GGG (associated to f5), which has a contribution from both

J1 and J2. We note that some operators can be re-written in terms of other operators, and

one has to be careful to select a non-redundant basis. This is a point that turns out to be

crucial when matching the one-loop effective Lagrangian to a given UV model.

B Master integrals

We introduce for brevity the notation ∆m2
ab ≡ (m2

a − m2
b). The complete list10 of the

master integrals, I[q2α]ni
m
j

···
···
p
l , is given here:

I2i
1

j
1

k
1

l
1

m
1

n =
i

4(4π)2

({

m2

i−m2

i ln
(

m2

i

)

−m2

j+m2

j ln
(

m2

j

)

∆m4

ij∆m2

jk∆m2

jl∆m2

jm∆m2

jn

−(j↔k)+(j↔l)−(j↔m)+(j↔n)

}

−
ln
(

m2

i

)

∆m2

ij∆m2

ik∆m2

il∆m2

im∆m2

in

)

,

10Note that one has to perform changes of indices in order to compute all the required integrals.
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Integrals Coefficients

J1 f3, f5, f6
J2 f5

K1 f2
K2 f4, f7, f12a, f12b, f12c
K3 f8, f11
K4 f10, f17, f18
K5 f16
K6 f19

L2 f9
L3 f13, f14, f15a, f15b

Table 1. This table shows the operator coefficient(s) contained in each integral of type Jn, Kn

or Ln.

I2i
1

j
1

k
1

l
1

m =
i

3(4π)2

({

−m2
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C Mass dependences of the universal coefficients

In this appendix, we give the explicit expressions for the f ijk...
N coefficients as function of

several masses. To reduce the length as much as possible, we use the following notation:

f̃ ijk...
N ≡ −i(4π)2f ijk...

N and ∆m2
ab ≡ (m2

a−m2
b). The expressions for f

ijk
15a, f

ijk
15b , f

ijkl
17 and f ijkl

18

are quite lengthy so we do not write them explicitly here. However, they are straightforward

to obtain by plugging the master integrals of appendix B into (2.5). The mass dependences

of the universal coefficients, f̃ ijk...
N , are as follows:
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. (C.1)

We give now the expressions of the full coefficients f ijk...
N coefficients as appearing

in (2.3) in the case where all masses are equals, mi = mj = · · · = m. In this degenerate

limit, these coefficients read:

f5 = −
i

(4π)260m2
, f11 =

i

(4π)212m4
, f15a =

i

(4π)260m4
,

f6 = −
i

(4π)290m2
, f12,a = 0, f15b =

i

(4π)260m4
,
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OGG = g2s |H|2Ga
µνG

a,µν OH = 1
2

(

∂µ |H|2
)2

OWW = g2 |H|2W a
µνW

a,µν OT = 1
2

(

H†
↔

DµH
)2

OBB = g′2 |H|2BµνB
µν OR = |H|2 |DµH|2

OWB = 2gg′H†taHW a
µνB

µν OD =
∣

∣D2H
∣

∣

2

OW = ig
(

H†ta
↔

DµH
)

DνW a
µν O6 = |H|6

OB = ig′YH
(

H†
↔

DµH
)

∂νBµν

Table 2. Dimension-6 SM EFT CP-even bosonic operators involving the Higgs field.

f7 = −
i

(4π)212m2
, f12,b = 0, f16 = −

i

(4π)260m6

f8 = −
i

(4π)26m2
, f12,c =

i

(4π)2120m4
, f17 = −

i

(4π)220m6
,

f9 = −
i

(4π)212m2
, f13 =

i

(4π)224m4
, f18 = −

i

(4π)230m6
,

f10 =
i

(4π)224m4
, f14 =

−i

(4π)260m4
, f19 =

i

(4π)2120m8
. (C.2)

D Application: integrating out squarks

The relative simplicity of the approach presented in this work is illustrated by integrating

out squarks in the MSSM, whose leading-order contribution necessarily appears at one-loop

order due to R-parity. Currently, gluon fusion (which occurs at one-loop order in the SM)

provides the strongest constraint on any dimension-6 operator in the Higgs sector. The

dimension-6 operators contributing to the hγγ coupling are also well constrained. This

is why in [70] our phenomenological studies focused on mainly these two (combinations

of) dimension-6 operators as well as the well known S and T [113, 114] (or equivalently

ǫ1,2 [115]) parameters from electroweak precision measurements. In this appendix, in order

to demonstrate and validate the general method presented in this work, we compute the

full set of Wilson coefficients for the bosonic operators involving the Higgs in the SM

EFT, listed in table 2, which supplement the SM Lagrangian as depicted in the following

Lagrangian,

LSM-EFT = LSM +
∑

i

ciOi , (D.1)

Oi being the dimension-6 operators, ci their associated Wilson coefficients and with the

multiplet masses the cutoff scales of the EFT.

The M and U matrices are given by the quadratic stop term in the MSSM Lagrangian,

LMSSM ⊃ Φ†(M2 +U(x))Φ ,
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where Φ = (Q̃ , t̃∗R), and

M2 =





m2
Q̃

0

0 m2
t̃R



,

U =

(

(h2t +
1
2g

2
2c

2
β)H̃H̃† + 1

2g
2
2s

2
βHH† − 1

2(g
2
1YQ̃c2β + 1

2g
2
2)|H|2 htXtH̃

htXtH̃
† (h2t −

1
2g

2
1Yt̃Rc2β)|H|2

)

.

(D.2)

Here we have defined H̃ ≡ iσ2H∗, ht ≡ ytsβ , Xt ≡ At − µ cotβ, and the hypercharges

are YQ̃ = 1/6, Yt̃R = −2/3. The MSSM mass matrix entries mQ̃ and mt̃R
denote the soft

supersymmetry-breaking masses. We note that Q̃ =
(

t̃L, b̃L

)

is an SU(2)L doublet, so U is

implicitly a 3× 3 matrix with an additional trace over color quantum number. In the case

of SU(3)c, Gµν is the usual gluon field strength. In the case of SU(2)L, the field strength

reads

G′
µν =

(

W ′a
µντ

a + YQ̃B
′
µν12×2 0

0 −Yt̃RB
′
µν

)

. (D.3)

Plugging all of this into (2.3), summing over the matrix indices, and rearranging the re-

sulting terms into the dimension-6 operators of table 2, we obtain the Wilson coefficients

that we list below at the end of the appendix. For convenience the expressions have been

multiplied by a factor (4π)2 and we defined X̄t ≡ htXt.

It is instructive to see how each Wilson coefficient originates from the combinations of

terms in the universal one-loop effective Lagrangian. We list in table 3 the contributions

from each universal coefficient to the Wilson coefficient of the dimension-6 operators listed

in table 2. These are further separated into the specific term with a certain power of Xt

that the universal coefficient is responsible for. Looking at each entry in the matrix U

and G′
µν of eqs. (D.2) and (D.3) respectively, we can see immediately for some terms how

this leads to the operators in table 2 when plugged in to each term of eq. (2.3), each with

its own universal coefficient. Other terms in the universal one-loop effective Lagrangian

may involve more manipulations than others to obtain the final set of operators in a non-

redundant basis.

We remark that our cGG, c6, cR, cT and cH coefficients are in agreement with ref. [75],

while cWW , cBB, cWB, cW , cB and cD are not. This is the case even after redundancies in

the basis of [75] are taken into account using the appropriate identities,

OHW = OW −
1

4
(OWW +OWB) ,

OHB = OB −
1

4
(OBB +OWB) .

However, we find that our combination of coefficients corresponding to the S parameter,11

S = 4πv2(4cWB + cW + cB) ,

11We note that the contribution from the universal coefficient f14 to cW , cB and cWB cancels out and

has no effect on the S parameter. We also see that the operator structure of f14 can yield directly the

redundant cHW and cHB before being eliminated by integration by parts identities.
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X0
t X2

t X4
t X6

t

c6 f8 f10 f16 f19

cH f7 f11 f17, f18 —

cT f7 f11 f17, f18 —

cR f7 f11 f17 —

cGG f9 f13 — —

cWW f9 f13, f14 — —

cBB f9 f13, f14 — —

cWB f9 f13, f14 — —

cW — f15a, f15b — —

cB — f15a, f15b — —

cD — f12c — —

Table 3. For each Wilson coefficient ci, this table shows which universal coefficients fN contribute

to the term proportional to Xn
t for that ci.

is in agreement with the expression for the S parameter contribution from squarks given in

ref. [126], which used the calculation of ref. [127], while the S parameter using the combi-

nation of coefficients from [75] disagrees. As another useful cross-check, all our coefficients

coincide with those of [5, 68] in the limit of degenerate masses, while those of [75] recover

the same degenerate expressions for all except that of cD, which differs by a factor of 2

from [5, 68] and our expression. We have also checked that the coefficient cT corresponding

to the T parameter is the same as that of [126].
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


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ln

(

m2

Q̃

m2

t̃R

)

2
(

m2

t̃R
−m2

Q̃

)

5









,

cR = +

(

g22c2β+2h2
t

)

2

8m2

Q̃

+X̄
2

t






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m2

Q̃
m2

t̃R
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)
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t

)

+m4

Q̃
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)

c2β+44h2
t

)

+4m4

t̃R

(

g22c2β+2h2
t

)

8m2

Q̃

(

m2

Q̃
−m2

t̃R

)

3

−

ln

(

m2

Q̃

m2

t̃R

)

(

4m4

Q̃

(

g21c2β+3h2
t
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(

5g21−3g22
)

c2βm
2

Q̃
m2

t̃R
+
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g21+3g22
)

c2βm
4

t̃R

)

4
(

m2

Q̃
−m2

t̃R

)

4


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+X̄
4

t




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Q̃
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)

5









,
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c6 = +
1

32

(

−
2
(

2

3
c2βg

2
1+2h2

t

)

3

m2

t̃R

−

(

6h2
t−c2βg

2
1

)(

144h4
t−12c2β

(
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)

h2
t+c22β

(
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(
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(
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2
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t
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2
m

4
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3

2

(
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t

−48c2β
(

g
2

1+g
2

2

)

h
2

t+cos4β
(

11g41−18g22g
2

1+3g42
)

)

m
2

t̃R
m

2

Q̃+
(

c2β
(

g
2

1−3g22
)

−12h2

t
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2
m

4

t̃R
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−

X̄2
t ln

(
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4
(

c2βg
2
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)

m2
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+
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(
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)
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48
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
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−
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2
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8m2
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(
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+
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(
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(
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m2

Q̃
−2

(
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(

g22−g21
))
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4
(
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4




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
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6

t






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m4

Q̃
+10m2
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m2

Q̃
+m4
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2m2

Q̃
m2
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(

m2

Q̃
−m2

t̃R

)

4

+

3ln

(
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Q̃
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(

m2

Q̃
−m2

t̃R

)

5









. (D.4)

E Covariant derivative expansion for fermionic fields

We give here more details if one wants to integrate out heavy fermionic particles. We

consider the one-loop piece of the Lagrangian involving heavy Dirac fermions, denoted by

Ψ, having a mass matrix M and interactions with light fields encapsulated by the matrix W

L1-loop[φ,Ψ] = Φ†(/P −M −W [φ(x)])Φ , (E.1)

where /P = γµDµ, where the γµ are the usual gamma matrices. After integrating out the

fermionic fields in the path integral one would get an effective action which, at one-loop,

reads

Seff
1-loop = iTr ln

(

−/P +M +W
)

.

After some simple γ-matrix algebra manipulations, one can rewrite the previous expres-

sion as

Seff
1-loop =

i

2
Tr ln

(

−P 2 +M2 −
i

2
σµνG

′

µν + 2M.W +W 2 + [/P ,W ]

)

,

where we introduce σµν ≡ i
2 [γ

µ, γν ]. This expression for the effective action has exactly

the same form as in the scalar case eq. (2.1) if we define the U matrix as

U = −
i

2
σµνG

′

µν + 2M.W +W 2 + [/P ,W ] .

With this specific decomposition of the one-loop effective action for fermions, one can apply

the formulae that have been derived in the core of the text. We note that the commutator
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contains a covariant derivative that vanishes in most renormalisable theories but may be es-

pecially important when integrating out effective operators in non-renormalisable theories.

We leave the extension of our general calculation to such cases for future studies.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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[89] J. Elias-Miró, J.R. Espinosa, E. Massó and A. Pomarol, Renormalization of dimension-six

operators relevant for the Higgs decays h → γγ, γZ, JHEP 08 (2013) 033

[arXiv:1302.5661] [INSPIRE].

[90] E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of the

Standard Model Dimension Six Operators I: Formalism and lambda Dependence,

JHEP 10 (2013) 087 [arXiv:1308.2627] [INSPIRE].

[91] E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of the

Standard Model Dimension Six Operators II: Yukawa Dependence, JHEP 01 (2014) 035

[arXiv:1310.4838] [INSPIRE].

[92] R. Alonso, E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of

the Standard Model Dimension Six Operators III: Gauge Coupling Dependence and

Phenomenology, JHEP 04 (2014) 159 [arXiv:1312.2014] [INSPIRE].

[93] J. Elias-Miró, C. Grojean, R.S. Gupta and D. Marzocca, Scaling and tuning of EW and

Higgs observables, JHEP 05 (2014) 019 [arXiv:1312.2928] [INSPIRE].

[94] R. Alonso, H.-M. Chang, E.E. Jenkins, A.V. Manohar and B. Shotwell, Renormalization

group evolution of dimension-six baryon number violating operators,

Phys. Lett. B 734 (2014) 302 [arXiv:1405.0486] [INSPIRE].

[95] Z. Han and W. Skiba, Effective theory analysis of precision electroweak data,

Phys. Rev. D 71 (2005) 075009 [hep-ph/0412166] [INSPIRE].
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